In his 1984 proof of the Bieberbach and Milin conjectures de Branges used a positivity result of special functions n k (t) which follows from an identity about Jacobi polynomial sums that was published by Askey and Gasper in 1976.
Introduction
Let S denote the family of analytic and univalent functions f(z)=z+a 2 z 2 +· · · of the unit disk D. S is compact with respect to the topology of locally uniform convergence so that k n := max f∈S |a n (f)| exists. In 1916 Bieberbach [5] proved that k 2 = 2, with equality if and only if f is a rotation of the Koebe function and in a footnote he mentioned "Vielleicht ist uberhaupt k n = n". This statement is known as the Bieberbach conjecture.
In 1923 L owner [15] proved the Bieberbach conjecture for n = 3. His method was to embed a univalent function f(z) into a L owner chain, i.e., a family {f(z; t) | t ¿ 0} of univalent functions of the form f(z; t) = e t z + ∞ n=2 a n (t)z n ; (z ∈ D; t ¿ 0; a n (t) ∈ C (n ¿ 2)) which start with f f(z; 0) = f(z)
and for which the relation Re p(z; t) = Re ḟ (z; t)
is satisÿed. Here and · denote the partial derivatives with respect to z and t, respectively. Eq. (2) is referred to as the L owner di erential equation, and geometrically it states that the image domains of f t expand as t increases. The history of the Bieberbach conjecture showed that it was easier to obtain results about the logarithmic coe cients of a univalent function f, i.e., the coe cients d n of the expansion '(z) = ln f(z) z = :
d n z n rather than for the coe cients a n of f itself. So Lebedev and Milin [14] in the mid-1960s developed methods to exponentiate such information. They proved that if for f ∈ S the Milin conjecture
on its logarithmic coe cients is satisÿed for some n ∈ N, then the Bieberbach conjecture for the index n + 1 follows. In 1984 de Branges [6] veriÿed the Milin, and therefore the Bieberbach conjecture, and in 1991, Weinstein [19] gave a di erent proof. A reference other than [6] concerning de Branges' proof is [7] , and a German language summary of the history of the Bieberbach conjecture and its proofs was given in [9] .
Both proofs use the positivity of special function systems, and independently Todorov [17] and Wilf [20] showed that (the t-derivatives of the) de Branges functions and Weinstein's functions essentially are the same (see also [12] ), n k (t) = −k n k (t); n k (t) denoting the de Branges functions and n k (t) denoting the Weinstein functions, respectively. Whereas de Branges applied an identity of Askey and Gasper [2] to his function system, Weinstein applied an addition theorem for Legendre polynomials to his function system to deduce the positivity result needed.
By the relation˙ n k (t) 6 0, the de Branges functions n k (t) are monotonic, and n k (t) ¿ 0 follows. In this article, we reconsider the de Branges and Weinstein functions, ÿnd more relations connecting them with each other, and make the above positivity and monotony result more precise, e.g., by showing
The L owner chain of the Koebe function
We consider the L owner chain
of bounded univalent functions in the unit disk D which is deÿned in terms of the Koebe function (1). Since K maps the unit disk onto the entire plane slit along the negative x-axis in the interval (−∞; − 1 4 ], the image w(D; t) is the unit disk with a radial slit on the negative x-axis increasing with t.
The function w(z; t) is implicitly given by the equation
and satisÿes therefore
This gives
and therefore
A calculation shows moreover that w(z; t) has the explicit representations [10] w(z; t)
In this article we use interchangeably the variables t; x and y that are related by y = e −t = (1 − x)=2. The interval t ∈ (0; ∞) corresponds to the intervals y ∈ (0; 1) and x ∈ (−1; 1), respectively.
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From the left-hand representation (5) of w(z; t) we obtain the simple equation
that we will need later. The L owner chain of the Koebe function w(z; t) is a hypergeometric function and has hypergeometric Taylor coe cients
(see e.g. [12] and for a computer generated proof [13] 
where (a) k = a(a + 1) · · · (a + k − 1) denotes the Pochhammer symbol, is called the generalized hypergeometric series. Its coe cient term ratio
is a general rational function, in factorized form. More informations about generalized hypergeometric functions can be found in [4] or [10] .
The de Branges and Weinstein functions
de Branges [6] showed that the Milin conjecture is valid if for all n ¿ 1 the de Branges functions n k : R + → R (k = 1; : : : ; n) deÿned by the system of di erential equations
with the initial values
2 Sometimes, we use sloppy notation when changing arguments according to these rules, e.g., using the notation 
Relation (10) is easily checked using standard methods for ordinary di erential equations, whereas (11) is a deep result. de Branges gave the explicit representation
[ 6, 8, 16] , with which the proof of the de Branges theorem was completed as soon as de Branges realized that (11) was a theorem previously proved by Askey and Gasper [2] .
On the other hand, Weinstein [19] used the L owner chain (3), and showed the validity of Milin's conjecture if for all n ¿ 1 the Weinstein functions
satisfy the relations
Weinstein did not identify the functions n k (t), but was able to prove (14) without an explicit representation.
Independently, both Todorov [17] and Wilf [20] proved-using the explicit representation (12) of the de Branges functions-thaṫ
i.e., the (t-derivatives of the) de Branges functions and the Weinstein functions essentially are the same, and the main inequalities (11) and (14) are identical. In [10] another proof of (15) was given that does not use the explicit representation of the de Branges functions. Note further that in [13] , we deduced result (14) using a version of the addition theorem for the Gegenbauer polynomials whose simple proof is contained in the same article.
In this article, we will use inequality (14) which is equivalent to the Askey-Gasper inequality stated in [2] , as well as the inequality
which easily follows from (14) by (15) . Actually, we will reÿne statement (16) . Note that identity (15) yields the representation
which however can be also detected directly from the deÿning relations (13), see [11] .
Inequalities for the de Branges functions
The following theorem states a recurrence relation between the de Branges functions n k (t) and the Weinstein functions n k (t).
is valid.
Proof. We consider the generating functions
(see [12, Theorem 3] ), and (13), i.e.
of n k (t) and n k (t), respectively. It is easy to check the di erential equation
relating B k (z) and W k (z). 3 Writing as Taylor expansions and equating the coe cients of z n yields n n k (t) − (n + 1)
This ÿnishes the proof.
The theorem has some immediate consequences. 
3 Using a computer algebra system, e.g., the di erence of left-and right-hand side of (19) easily simpliÿes to 0 after replacing B k (z) by (18) , W k (z) by (13) Proof. The equation
restates Theorem 1, hence (a) follows by (14) and (16) . Inequality (a) and
implies (b). Induction applied to (a) yields (c). Finally, the inequality 1
is also an immediate consequence of Theorem 1, implying (d). From this, (e) follows by induction, again.
Summing the identity of Theorem 1, we get moreover: 
and by using (15), moreover
Multiplying by e nt , we get (b) by using the positivity statement (14) . (c) By (b), the function e nt n k (t) is increasing w.r.t. t, hence by using the boundary value n k (0) we get (c).
Next, we give a recurrence-di erential equation which is valid for both n k (t) and n k (t) keeping k ÿxed. 
and (n + 1)
Proof. Using Theorem 1 and (15) gives the result for n k (t). Di erentiating this result w.r.t. t yields the result for n k (t).
Using de Branges' original di erential equations, the following is a consequence of Theorem 4.
Corollary 5 (Recursive computation of the de Branges and Weinstein functions I):
(a) For the de Branges functions the following recurrence relation is valid
This yields the recursive scheme
(c) For the Weinstein functions the following recurrence relation is valid
Proof. Writing (20) for k and for k − 1, and writing the de Branges system (7) for n and for n − 1 gives four equations from which the three derivative terms can be eliminated by linear algebra. This yields (a). Di erentiating and using (15) yields (c).
To get (d), one writes (c) for n; n − 1; : : : ; k which yields a system of linear equations for the unknowns j k (t); (j = k; : : : ; n). Solving this linear system yields (d). The deduction of (b) follows in a similar manner.
Note that by an application of Zeilberger's algorithm [10] , one gets recurrence relations with a ÿnite number of terms (independent of n) that also enable the recursive computation of n k (t) and n k (t) which is asymptotically more e cient. These relations, however, look much more di cult, their structure is much less symmetric and their coe cients contain y = e −t . These results are collected in Theorem 6 (Recursive computation of the de Branges and Weinstein functions II):
(a) For the de Branges functions the following recurrence relation w.r.t. n is valid
(b) For the de Branges functions the following recurrence relation w.r.t. k is valid:
(c) For the Weinstein functions the following recurrence relation w.r.t. n is valid:
(d) For the Weinstein functions the following recurrence relation w.r.t. k is valid:
Proof. These computations were done with the Maple sumtools package 4 by the author which contains an implementation (sumrecursion) of Zeilberger's algorithm. Note that only equation (b) is hard and time consuming to obtain, the other three computations take only some seconds.
In the sequel we would like to strengthen the inequalities that were obtained in Corollaries 2 and 3. For this purpose, we use the identity
between the generating functions of n k (t) and n k (t), which is easily veriÿed by (6) using the deÿning equations (18) and (13) .
We get Proof. Since
C j (x) denoting the Gegenbauer polynomials (see e.g. [1] ), we get
As a lemma, we will prove that s n (x) is non-negative for x ∈ [ − 1; 1]. Since for every non-negative integer n ∈ N we have n j=0 P j (x) ¿ 0 for the Legendre polynomials P n (x) (see e.g. [3, Theorem 2]) and since [18, (7.11 
we get
hence s n (x) is decreasing. The boundary values s n (−1) = 2 and s n (1) = 0 give 0 6 s n (x) 6 2 which proves our lemma (Figs. 7 and 8) .
By equating coe cients in (21), we get
Fig . 5 . This shows the ÿrst inequality of Theorem 7 for k = 3 in the form:
Fig . 6 . This shows the second inequality of Theorem 7 for k = 3 in the form: This yields
or by using (15) again,
Multiplying by e which follows easily from the hypergeometric representation (12) .
Note that, since n ¿ k, Theorem 7(b) is stronger than Corollary 3(d). The following theorem strengthens Theorem 7.
Theorem 8. For n ¿ k; 0 6 t ¡ ∞ we have (Fig. 9 )
Proof. From the hypergeometric representation (12) of n k (t) one deduces by an elementary computation
an explicit hypergeometric representation for the di erence n k (t) − n−1 k (t). 5 By di erentiating the right hand hypergeometric function of (22) 
Non-negative hypergeometric functions
In this section we will combine the two main relations n k (k) ¿ 0 (16) and n k (t) ¿ 0 (14) to get new non-negativity results for certain hypergeometric functions. This will extract also some interesting informations about the de Branges and Weinstein functions. In particular, both sum and di erence of the de Branges and Weinstein functions turn out to be non-negative, and are only shifts w.r.t. k of each other.
For this section we use the notation k; k + 1=2; k − n; n + k + 2 k + 1; k + 3=2; 2k e −t :
These functions turn out to be non-negative. We get the following results 
Similarly the equation 1 2 ( n k (t) − n k (t)) = S n k+1 (t) is deduced. This gives (a), whereas (b) follows by linear algebra from (a). Note that the identity n k (t) − n k (t) = n k+1 (t) + n k+1 (t) follows also easily from the de Branges di erential equations (7) and (15) .
By (23) and the non-negativity of n k (t) and n k (t), (c) follows.
Appendix: Maple code

